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In this talk we discuss a natural explanation of both neutrino mass hierarchies and 
large neutrino mixing angles, as required by the atmospheric neutrino data, in terms 



of a single right-handed neutrino giving the dominant contribution to the 23 block of 



the light effective neutrino matrix, and illustrate this mechanism in the framework of 
models with U(l) family symmetries. Sub-dominant contributions from other right- 
handed neutrinos are required to give small mass splittings appropriate to the MSW 
solution to the solar neutrino problem. We present three explicit examples for achiev- 
ing the small angle MSW solution in the framework of U(l) family symmetry models 
containing three right-handed neutrinos, which can naturally describe all quark and 
lepton masses and mixing angles. In this talk we also extend the analysis to the large 
angle MSW solution. 



1 To appear in the proceedings of the 6th San Miniato Topical Seminar on "Neutrino and As- 
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There is now strong evidence for atmospheric neutrino oscillations The most 
recent analyses of Super-Kamiokande M involve the hypothesis of —* v T oscillations 
with maximal mixing sin 2 2# 2 3 = 1 and a mass splitting of Am^ = 2.2 x eV 2 . 
Using all their data sets analysed in different ways they quote sin 2 2(9 23 > 0.82 and a 
mass splitting of 1.5 x 1CT 3 eV 2 < Am^ < 6 x 1CT 3 eV 2 at 90% confidence level. 

The evidence for solar neutrino oscillations is almost as strong. There are a 
panoply of experiments looking at different energy ranges, and the best fit to all of 
them has been narrowed down to two basic scenarios corresponding to either resonant 
oscillations u e — > Vq (where for example vq may be a linear combination of u^, u T ) 
inside the Sun (MSW |2|) or "just-so" oscillations in the vacuum between the Sun 
and the Earth Q, Q. There are three MSW fits and one vacuum oscillation fit: 

(i) the small angle MSW solution is sin 2 26>i 2 «5x 10 -3 and Am 2 2 ~ 5 x 10~ 6 eV 2 ; 

(ii) the large angle MSW solution is sin 2 2#i 2 ^ 0.2 and Am 2 2 R3 1.8 x 10~ 5 eV 2 ; 

(iii) an additional MSW large angle solution exists with a lower probability 0; 

(iv) The vacuum oscillation solution is sin 2 2# 12 rj 0.75 and Am 2 2 ~ 6.5 x 10 -11 eV 2 

The standard model has zero neutrino masses, so any indication of neutrino mass 
is very exciting since it represents new physics beyond the standard model. In this 
paper we shall assume the see-saw mechanism and no light sterile neutrinos. The 
see-saw mechanism implies that the three light neutrino masses arise from some 
heavy "right-handed neutrinos" (in general there can be Z gauge singlets with 
p = 1, . . . Z) with a Z x Z Majorana mass matrix M^ R whose entries take values 
at or below the unification scale M\j ~ 10 16 GeV. The presence of electroweak scale 
Dirac mass terms rnl R (a 3 x Z matrix) connecting the left-handed neutrinos v\ 
(i = 1, . . .3) to the right-handed neutrinos N R then results in a very light see-saw 
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suppressed effective 3x3 Majorana mass matrix 

m LL = m LR M RR m T LR (1) 

for the left-handed neutrinos u L , which are the light physical degrees of freedom 
observed by experiment. 

Not surprisingly, following the recent data, there has been a torrent of theoretical 
papers concerned with understanding how to extend the standard model in order to 
accomodate the atmospheric and solar neutrino data. Perhaps the minimal exten- 
sion of the standard model capable of accounting for the atmospheric neutrino data 
involves the addition of a single right-handed neutrino N R [J], This is a special 
case of the general see-saw model with Z — 1, so that M RR is a trivial lxl ma- 
trix and mm is a 3 x 1 column matrix where = (X Ue , X u , X Ut )v 2 with t> 2 the 
vacuum expectation value of the Higgs field H 2 which is responsible for the neutrino 
Dirac masses, and the notation for the Yukawa couplings Aj indicates that we are 
in the charged lepton mass eigenstate basis e£,/i£,r L with corresponding neutrinos 



Since M RR is trivially invertible the light effective mass matrix in Eq.|T] 



in the v eL , Vn L , v TL basis is simply given by 



K e K e X Ufi X Ue K T \ 2 



m LL = | A.A, XI X^X UT (2) 
Xu e X UT X Vfi X UT X Ut j 

The matrix in Eq.|2| has vanishing determinant which implies a zero eigenvalue. Fur- 
thermore the submatrix in the 23 sector has zero determinant which implies a sec- 
ond zero eigenvalue associated with this sector. In order to account for the Super- 
Kamiokande data we assumed 0: 

X v& <C X Ufl ~ X Ut . (3) 

In the X Ue = limit the matrix in Eq.[| has zeros along the first row and column, and 
so clearly u e is massless, and the other two eigenvectors are simply 

( Uo ) = ( 023 ~ S23 )( u ») U) 



where £23 = -^u/X T , with u being massless, due to the vanishing of the determinant 
of the 23 submatrix and v$ having a mass m„ 3 = (A 2 + \I t )v%/Mrr. The Super- 
Kamiokande data is accounted for by choosing the parameters such that t 2 3 ~ 1 
and m„ 3 ~ 5 x 10~ 2 eV. In this approximation the atmospheric neutrino data is 
then consistent with — > v T oscillations via two state mixing, between z/3 and vq. 
Note how the single right-handed neutrino coupling to the 23 sector implies vanishing 
determinant of the 23 submatrix. This provides a natural explanation of both large 
23 mixing angles and a hierarchy of neutrino masses in the 23 sector at the same time 

In order to account for the solar neutrino data a small mass perturbation is re- 
quired to lift the massless degeneracy of the two neutrinos Uo,u e . In our original 
approach we introduced additional right-handed neutrinos in order to provide 
a subdominant contribution to the effective mass matrix in Eq.|2|. To be precise we 
assumed a single dominant right-handed neutrino below the unification scale, with 
additional right-handed neutrinos at the unification scale which lead to subdominant 
contributions to the effective neutrino mass matrix. By appealing to quark and lepton 
mass hierarchy we assumed that the additional subdominant right-handed neutrinos 
generate a contribution m v ~ m? fM n «2x 1(T 3 eV, where m t is the top quark mass. 
The effect of this is to give a mass perturbation to the 33 component of the mass 
matrix in Eq.|2|, which results in u picking up a small mass, through its v T component, 
while v e remains massless. Solar neutrino oscillations then arise from v e —> vq with 
the mass splitting in the right range for the small angle MSW solution, controlled by 
a small mixing angle 9 12 ~ \ Ve l \J^1^ + ^1 T - The main prediction of this scheme is of 
the neutrino oscillation v e — > v% with a mass difference Amj 3 ~ Am| 3 determined by 

the Super-Kamiokande data and a mixing angle #13 ~ #12 determined by the small an- 

2 Another approach |8) which does not rely on additional right-handed neutrinos is to use SUSY 
radiative corrections so that the one-loop corrected neutrino masses are not zero but of order 1CP 5 
eV suitable for the vacuum oscillation solution. 
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gle MSW solution. Such oscillations may be observable at the proposed long baseline 
experiments via — > v e which implies — > z/ e oscillations with sin 2 20 « 5 x 10~ 3 
(the small MSW angle) and Am 2 ~ 2.2 x 10~ 3 e\^ 2 (the Super-Kamiokande square 
mass difference). 

It should be clear from the foregoing discussion that the motivation for single right- 
handed neutrino dominance (SRHND) is that the determinant of the 23 submatrix of 
Eq.|2| approximately vanishes, leading to a natural explanation of both large neutrino 
mixing angles and hierarchical neutrino masses in the 23 sector at the same time [|7|]. 
Although the explicit example of SRHND above was based on one of the right-handed 
neutrinos being lighter than the others, it is clear that the idea of SRHND is more 
general than this. 

In we defined SRHND more generally as the requirement that a single right- 
handed neutrino gives the dominant contribution to the 23 submatrix of the light 
effective neutrino mass matrix (which can be achieved in other ways than one of the 
right-handed neutrinos being lighter than the others.) We addressed the following 
two questions: 

1. What are the general conditions under which SRHND in the 23 block can arise 
and how can we quantify the contribution of the sub-dominant right-handed neutrinos 
which are responsible for breaking the massless degeneracy, and allowing the small 
angle MSW solution? 

2. How can we understand the pattern of neutrino Yukawa couplings in Eq.|3] where 
the assumed equality A„ ~ X Ut is apparently at odds with the hierarchical Yukawa 
couplings in the quark and charged lepton sector? 

In order to address the two questions above we discuss SRHND in the context of 
a U(l) family symmetry. In ref. we gave general conditions that theories with U(l) 
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family symmetry must satisfy in order to have SRHND and showed that the models 
in [|K]] satisfy these conditions. In this talk we briefly review this approach, giving 
three examples based on the general analysis in ref . |J . 

The Wolfenstein parametrisation of the CKM matrix is roughly 




V C km~ A 1 A 2 j (5) 
V A 3 A 2 

With a single dominant right-handed neutrino we expect equal neutrino mixing angles 
in 12 and 13 sectors 

012 ~ 013 (6) 

CHOOZ [[□]] tells us that over most of the interesting mass range sin 2 2^13 < 0.18, 
corresponding to #13 < A. Thus there are two interesting possibilities for the choice 
of angle, corresponding to large or small angle MSW with 9 l i^ 9e ~ Q^ ae ~ A, or 
Qsmaii ^ Qsmaii ^ y2 ^ w ^ ^ e Maki-Nakagawa-Sakata matrix, the leptonic analogue 
of the CKM matrix, determined in each case: 



(7) 



Note that in the large angle MSW case, we are relying on factors of order unity 
implicitly present in each element to give us a large enough MSW angle without 
violating the CHOOZ constraint. Our working assumption is that Vj^^g or V^ofs 
originates from both the neutrino sector and the charged lepton sector in roughly 
equal measure which, together with Eq.||, gives 
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°LL - I i ^ ^ I m ^ m LL ~ 



corresponding to V^g, V^Yns^ respectively. In general would expect m U2 ~ m U3 
due to large 23 mixing, but with a single right-handed neutrino the vanishing de- 
terminant of 23 block solves this problem by setting m U2 = . In order obtain the 
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desired hierarchy between the MSW neutrino mass and the atmospheric neutrino 
mass, m V2 /m V3 ~ A 2 , we must add extra subdominant right-handed neutrinos which 
contribute to the 23 block at order 0(A 2 ). In the small angle case this would lead to 
mv 1 / m v 2 ~ A 2 and a hierarchy of neutrino masses, while in the large angle case we 
would have m Ul ^ m U2 , leading to a semi-hierarchical neutrino mass pattern. 

To proceed we introduce a U(l) family symmetry of the kind suggested by Ibanez 
and Ross [12| . For example a suitable choice of quark, lepton and Higgs charges leads 
to the quark and charged lepton Yukawa matrices ||13|| : 

/ A 8 A 5 A 3 \ / A 4 A 3 A 3 \ 

A 7 A 4 A 2 \ ,Y d ~\ A 3 A 2 A 2 A n (9) 
V A 5 A 2 1 J \ A 1 1 / 

/ A 4 A 4 A 2 \ 

A 2 A 2 1 A n (10) 
V A 2 A 2 1 J 

which lead to the following successful quark and lepton mass relations: 

~ A , ~ A , ~ A , ~ A , ( -L -L ) 

m t m t nib 

I^A 4 , ^~A 2 . (12) 

^~A 3 , (13) 
m t m T 

where the last relations are valid in the MSSM at the unification scale, where there 
are two Higgs doublets with vacuum expectation values t>i,t>2 coupling to down-type 
quarks, up-type quarks, respectively, and tan/3 = vz/v\ ~ A n ~ 3 . The correct CKM 
matrix given earlier is also reproduced, and V^nsi ^mns are consistent with Yf e , 
Y smam respectively. 



Ylarge ~ ^ A 1 A™, Y^ mall 




V A 3 A 



When dealing with the lepton charges, it is convenient to absorb the physical 
Higgs charge h u into the physical lepton charges U, whereupon we find the redefined 
lepton charges 



where m = 1,2 for Yf arge , Y small cases, respectively, and the numerical value of I3 
remains a free choice, which is specified precisely in the examples below. 

We now give three examples of U(l) charge assignments for the three lepton 
doublets and three right-handed neutrinos which satisfies SRHND for the small angle 
MSW case m = 2 |. We classify the cases according to the upper block structure of 
the resulting heavy Majorana matrix: 

(i) "Diagonal dominated" upper block of heavy Majorana matrix. 

= (1/2,-3/2,-3/2) (15) 



eiL / ' I e 2 L J ' I e 3L 



VlR,V2R,V3R = (0,1,2) (16) 
The resulting mass matrices are: 



Mrr ~ A A 2 A 3 M (17) 




m LR 



( A 1 / 2 A 3 / 2 A 5 / 2 

A 3/2 A l/2 A l/2 

V A 3 / 2 A 1 / 2 A 1 / 2 



t>2 




m LL ~ A 1 1 (19) 



with the determinant of the lower 23 sub-block of vanishing to order 0(A 2 ) 
(as required) due to v?,r dominating the contribution to the 23 block. The reason for 
v^r dominance in this case is that it is lighter than the next lightest right-handed 
neutrino i>2R by a factor of A 2 , while the Dirac couplings to the second and third 
lepton doublets are the same order of magnitude for v 3R and u 2 r- 
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(ii) "Off-Diagonal dominated" upper block of heavy Majorana matrix. This is the 



kind of model discussed in ref. (ITU 



= (2,0,0) (20) 
vir, v m = (1, -1, 0) (21) 



The resulting mass matrices are: 




M RR ~ 1 A 2 A M (22) 




m ifl ~ A A 1 U 2 (23) 




m LL ~ A 2 1 1 m, 3 (24) 



with determinant of the lower 23 sub-block again vanishing to order 0(A 2 ) (as 
desired) due to v^r dominating the contribution to the 23 block. The reason for z/ 3 # 
dominance in this case is that its Dirac couplings to the second and third lepton 
doublets is larger by a factor of 1/A compared to those of z/ 2 _r, Uir, while all right- 
handed neutrinos have roughly equal masses. 

(iii) "Democratic" upper block of heavy Majorana matrix. 

= (3/2,-1/2,-1/2) (25) 



eiL / ' 1 e 2L j ' I e 3L 



VlR, "2R, v m = (0, 0, 1) (26) 

The resulting mass matrices are: 
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M, 



RR 




(27) 



m LR 



I A 3/2 A 3/2 A 5/2 \ 
A l/2 A l/2 A l/2 

V x 1 ' 2 x 1 ' 2 x 1 / 2 ) 



V-2 



(28) 




(29) 



with determinant of the lower 23 sub-block once again vanishing to order 0(X 2 ) 
due to V3R dominating the contribution to the 23 block. The reason for u^n dominance 
in this case is similar to case (i), namely that it is lighter than the two other (in this 
case) degenerate right-handed neutrinos by a factor of A 2 , while the Dirac couplings 
to the second and third lepton doublets are the same for all right-handed neutrinos. 

Although we have focussed on the small angle MSW case for definiteness, similar 
examples may readily be constructed for the large angle MSW case. For example case 
(ii) above may trivially be extended to the large angle MSW case by taking 



eiL 



V2L 

e 2 L 



^3L 

e 3 L 



= (1,0,0) 



V\R-,V2R-,V ZR = (1, -1,0). 

The resulting mass matrices in the large angle case become: 



(30) 
(31) 





f X 2 


1 




M RR ~ 




A 2 


;) 




V A 


A 






1 X " 
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A \ 


m LR ~ 
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A 


1 




u 


A 


1 J 



M 



V2 



(32) 



(33) 
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( 



A 2 A A 
A 1 1 
A 1 1 



) 



rn 



(34) 



with determinant of the lower 23 sub-block again vanishing to order 0(A 2 ) (as 
desired) due to u 3 r dominating the contribution to the 23 block. The reason for u 3 r 
dominance in this case is that its Dirac couplings to the second and third lepton 
doublets is again larger by a factor of 1/A compared to those of u 2 r, V\r-, while all 
right-handed neutrinos have roughly equal masses, as before. 

In conclusion SRHND provides an elegant mechanism for yielding both large 23 
neutrino mixing angles and hierarchical 23 neutrino masses simultaneously by virtue 
of the approximately vanishing 23 subdeterminant of in these models. Such 
models hence provide a natural explanation of the atmospheric neutrino data. U(l) 
family symmetry is discussed as an organising principle which leads to a controlled 
expansion in the Wolfenstein parameter A, capable of providing a complete explana- 
tion of the quark and lepton spectrum in general. We give some explicit examples of 
U(l) charge assignments in the lepton sector which lead to SRHND in the 23 block 
of m LL . In these examples, the subdeterminant vanishes to order A 2 , and gives rise 
to a non-zero mass ratio m v ^jm v . A ~ A 2 capable of accounting for the solar neutrino 
data via the large or small angle MSW effect. In the large angle MSW case we must 
rely on numerical factors of order unity to slightly enhance 6*i 2 relative to 9 13 in order 
to give a large MSW angle without violating the CHOOZ constraint. 
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